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Abstract—In practical mobile communication engineering ap-
plications, surfaces of antenna array deployment regions are
usually uneven. Therefore, massive multi-input-multi-output
(MIMO) communication systems usually transmit wireless signals
by irregular antenna arrays. To evaluate the performance of
irregular antenna arrays, the matrix correlation coefficient and
ergodic received gain are defined for massive MIMO communica-
tion systems with mutual coupling effects. Furthermore, the lower
bound of the ergodic achievable rate, symbol error rate (SER)
and average outage probability are firstly derived for multi-user
massive MIMO communication systems using irregular antenna
arrays. Asymptotic results are also derived when the number
of antennas approaches infinity. Numerical results indicate that
there exists a maximum achievable rate when the number of
antennas keeps increasing in massive MIMO communication
systems using irregular antenna arrays. Moreover, the irregular
antenna array outperforms the regular antenna array in the
achievable rate of massive MIMO communication systems when
the number of antennas is larger than or equal to a given
threshold.
Index Terms—Massive MIMO, irregular antenna array, mu-
tual coupling, achievable rate.
I. INTRODUCTION
To meet the challenge of 1000 times wireless traffic increas-
ing in 2020 as compared to the wireless traffic level in 2010,
the massive multi-input-multi-output (MIMO) technology is
presented as one of the key technologies for the fifth genera-
tion (5G) wireless communication systems [1], [2], [3]. Exist-
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ing studies validated that massive MIMO systems can improve
the spectrum efficiency to 10-20 bit/s/Hz level and save 10-20
times energy in wireless communication systems [4]. However,
considering a limited available physical space for deployment
of large number of antenna elements in base stations (BSs), the
mutual coupling effect among antenna elements is inevitable
for massive MIMO wireless communication systems [5], [6].
Moreover, with hundreds of antennas deployed, new issues
of the antenna array deployment and architecture may appear
[7]. For example, conformal antenna arrays on the surface
of buildings may no longer have uniform antenna spacings
because of uneven surfaces of the deployment region. In this
case, the antenna array becomes irregular and then the impact
of mutual coupling on the massive MIMO system is different
from the case with a regular antenna array. Therefore, it is an
interesting and practically valuable topic to investigate multi-
user massive MIMO communication systems using irregular
antenna arrays.
When antennas are closely deployed in an antenna array,
the interaction between two or more antennas, i.e., the mutual
coupling effect, is inevitable and affects coefficients of the
antenna array [8]. The mutual coupling effect has been widely
studied in antenna propagation and signal processing topics
[9], [10]. Based on the theoretical analysis and experimental
measurement, the performance of antenna array was compared
with or without the mutual coupling effect in [9]. It was shown
that the mutual coupling significantly affects the performance
of adaptive antenna arrays with either large or small inter-
element spacing because the steering vector of the antenna
array has to be modified both in phases and amplitudes [10].
With the MIMO technology emerging in wireless communica-
tion systems, the impact of mutual coupling on MIMO systems
has been studied [11], [12], [13], [14]. In a reverberation
chamber, measurements and simulation results showed that
the mutual coupling increases the spatial correlation level and
undermines the MIMO channel estimation accuracy as well
as the channel capacity [11]. Considering a fixed-length linear
array that consists of half-wave dipoles, simulation results
revealed that the mutual coupling leads to a substantially lower
capacity and reduces degrees of freedom in wireless channels
[12]. Moreover, analytical results in [13] showed that in a
2×2 MIMO system, the mutual coupling is detrimental to the
subscriber unit (SU) correlation and simultaneously beneficial
2to the channel energy only in the presence of directional
scattering conditions and for SU arrays oriented orthogonally
to the main direction of arrival with spacings between 0.4 and
0.9 wavelengths. Based on the scattering parameter matrix
and power constraint, a closed-form capacity expression of
the MIMO system with mutual coupling was derived [14].
However, all of the above studies are based on conventional
MIMO systems, i.e., antennas at the transmitter and receiver
are less than or equal to 8 × 8. For future massive MIMO
scenarios with hundreds of antennas placed at the BS, the
mutual coupling effect needs to be further investigated.
To further improve the transmission rate in 5G wireless
communication systems, the massive MIMO technology is
envisaged to satisfy 1000 times wireless traffic increase in
the future decade [15], [16], [17]. Marzetta revealed that all
effects of uncorrelated noise and fast fading will disappear
when the number of antennas grows without limit in wire-
less communication systems [15]. Moreover, massive MIMO
systems could improve the spectrum efficiency by one or
two orders of magnitude and the energy efficiency by three
orders of magnitude for wireless communication systems [16],
[18]. New precoding and estimation schemes have also been
investigated for massive MIMO systems [19], [20]. Motivated
by these results, the impact of mutual coupling on massive
MIMO systems was explored in recently literatures [21], [22],
[23]. For massive MIMO systems where dipole antennas are
placed in a fixed length linear array, analytical results indicated
that some ignoring effects, such as mutual coupling effect,
give misleading results in wireless communication systems
[21]. Based on different antenna elements, such as dipole,
patch and dualpolarized patch antennas, it was demonstrated
that the mutual coupling and spatial correlation have practical
limit on the spectrum efficiency of multi-user massive MIMO
systems [22]. Considering the spatial correlation and mutual
coupling effects on massive MIMO systems, the performance
of linear precoders was analyzed for wireless communications
systems [23]. However, in all aforementioned studies, only
regular antenna arrays were considered for massive MIMO
systems with the mutual coupling effect. Considering the
aesthetic appearance of the commercial buildings, building
a platform with a large number of regular antennas on the
facade will face confrontations from the building owners. To
tackle the challenge of deploying large number of BS antennas,
the antennas elements were integrated into the environments,
such as a part of the building facade or signage [7], [24].
Moreover, the large number of antennas make it very difficult
to maintain uniform antenna spacings in these scenarios. As
a consequence, these antenna arrays are appropriate to be
considered as irregular antenna arrays with nonuniform an-
tenna spacings rather than regular antenna arrays with uniform
antenna spacings. For irregular antenna arrays, some studies
have been made for conformal antenna arrays where antenna
arrays are designed to conform the prescribed shape [25],
[26], [27]. Sparse antenna arrays where antenna arrays are
configured to decrease the number of antennas but lead to
nonuniform antenna spacings and irregular array shapes have
also been studied [28], [29], [30], [31]. However, these antenna
arrays were mainly studied in the field of phased arrays and
have never been discussed for massive MIMO communication
systems. Motivated by the above gaps, we investigate multi-
user massive MIMO wireless communication systems with
irregular antenna arrays considering the mutual coupling. The
contributions and novelties of this paper are summarized as
follows.
1) Considering uneven surfaces of antennas deployment
regions, a massive MIMO communication system with
an irregular antenna array is firstly proposed and for-
mulated. Moreover, the impact of mutual coupling on
irregular antenna arrays is evaluated by metrics of the
matrix correlation coefficient and ergodic received gain.
2) Based on the results of irregular antenna arrays with mu-
tual coupling, the lower bound of the ergodic achievable
rate, average symbol error rate (SER) and average outage
probability are derived for multi-user massive MIMO
communication systems. Furthermore, asymptotic re-
sults are also derived when the number of antennas
approaches infinity.
3) Numerical results indicate that there exists a maximum
achievable rate for massive MIMO communication sys-
tems using irregular antenna arrays. Moreover, the irreg-
ular antenna array outperforms the regular antenna array
in the achievable rate of massive MIMO communication
systems when the number of antennas is larger than or
equal to a given threshold.
The remainder of this paper is outlined as follows. Section II
describes a system model for massive MIMO communication
systems where BS antennas are deployed by an irregular
antenna array. In Section III, the impact of mutual coupling
on the irregular antenna array is analyzed by the matrix corre-
lation coefficient and ergodic received gain. In section IV, the
lower bound of the ergodic achievable rate, average SER and
average outage probability are derived for multi-user massive
MIMO communication systems using irregular antenna arrays.
Considering that the number of antennas approaches infinity,
asymptotic results are also obtained. Numerical results and
discussions are presented in Section V. Finally, conclusions
are drawn in Section VI.
II. SYSTEM MODEL
With the massive MIMO technology emerging in 5G mobile
communication systems, hundreds of antennas have to be
deployed on the BS tower or the surface of a building.
However, surfaces used for deploying massive MIMO antennas
are not ideally smooth planes in most of the real scenarios.
When massive MIMO antennas have to be deployed on uneven
surfaces, spatial distances among adjacent antennas are not
expected to be perfectly uniform. In this case, massive MIMO
communication systems have to be deployed by irregular
antenna arrays. Furthermore, the impact of irregular antenna
arrays on massive MIMO communication systems need to be
reevaluated when the mutual coupling of irregular antenna
arrays is considered. Motivated by above challenges, a single-
cell multi-user massive MIMO communication system with an
irregular antenna array is illustrated in Fig. 1.
In this system model, a BS is located at the cell center and
equipped with M antennas which are deployed on an uneven
3Projection
Fig. 1. Multi-user massive MIMO communication system with
irregular antenna array.
surface. Because of the uneven surface, spatial distances
among antennas is no longer regular even when antennas are
regularly deployed in a two-dimensional plane. To intuitively
illustrate the spatial distances among the irregular antenna
array, we project the antenna distances deployed at the uneven
surface into a smooth plane meanwhile keeping the spatial
distances between each pair of antennas the same as before,
as shown in Fig. 1. What needs to be mentioned is that the
mutual coupling effect depends on the spatial distance among
antennas, which remains the same through this projection.
Hence the projecting in Fig. 1 does not affect the mutual
coupling effect of irregular antenna array. In the projected
plane of Fig. 1, without loss of generality, all antennas are
assumed to be covered by a circle centered at Θ with the radius
R. The i-th and j-th antennas of the massive MIMO antenna
array are denoted as Anti and Antj , i 6= j, 1 6 i 6 M ,
1 6 j 6 M . Spatial distances between the circle center Θ
and locations of the antennas Anti and Antj are denoted as
di and dj , respectively. To simplify derivations, all antennas
are sorted by the spatial distances between the circle center
Θ and their locations in the circle, i.e., di < dj if i < j.
Considering that the number of antennas M and the circle
area are fixed in a given scenario, the distribution of the M
antennas in the circle is assumed to be governed by a binomial
point process (BPP) [32], [33]. It’s notable that the circle area
is an assumed area on the smooth projection plane to cover all
antennas. The circle area does not depend on the actual shape
of the antenna deployment regions. Similarly, other random
processes can be used for modeling of the irregular antenna
distribution according to the specified requirements. K active
user terminals (UTs) are assumed to be uniformly scattered in
a cell and each UT is equipped with an antenna. In this paper,
we focus on the uplink transmission of the massive MIMO
communication system.
The signal vector received at the BS is expressed as
y =
√
SNRUTGx+w, (1)
where y ∈ CM×1 is the M × 1 received signal vector, w ∈
CM×1 is the additive white Gaussian noise (AWGN) with zero
mean, i.e., w ∼ CN (0, IM), IM is the M ×M unit matrix,
x ∈ CK×1 is the K × 1 symbol vector transmitted by K
UTs. Moreover, the UT transmitting power is normalized as
1. SNRUT is the transmitting signal-to-noise ratio (SNR) at
the UT and values of SNRUT at all UTs are assumed to be
equal in this paper. Similar to the finite dimensional physical
channel and taking into account the mutual coupling effect
between antennas, the M ×K channel matrix G ∈ CM×K is
extended as [23], [34]
G = CAHD1/2, (2)
where C is a mutual coupling matrix, A is an array steering
matrix, H is a small scale fading matrix, and D is the large
scale fading matrix. The mutual coupling matrix C and the
array steering matrix A are affected by the irregularity of the
antenna array. The detailed modeling of these two matrixes
will be discussed in the next section. The large scale fading
matrix is a K ×K diagonal matrix and is expressed as
D = diag(β1, ..., βk, ..., βK), (3)
the k-th diagonal element of matrix D, i.e., βk, denotes the
large scale fading factor in the link of the k-th UT and the
BS.
The performance of massive MIMO systems depends crit-
ically on the propagation environment, properties of antenna
arrays and the number of degrees of freedom offered by the
physical channel. The propagation environment offers rich
scattering if the number of independent incident directions
is large in the angular domain. More precisely, a finite-
dimensional channel model is introduced in this paper, where
the angular domain is divided into P independent incident
directions with P being a large but finite number [34]. Each
independent incident direction, corresponding to the azimuth
angle φq , φq ∈ [0, 2π] , q = 1, . . . , P , and the elevation
angle θq, θq ∈ [−π/2, π/2], is associated with an M × 1
array steering vector a (φq, θq) ∈ CM×1. In this case, all
independent incident directions are associated with an M ×P
array steering matrix A which is given by expression (4)
A = [a (φ1, θ1) , ..., a (φq, θq) , ...,
a (φP , θP )] ∈ M×P . (4)
Without loss of generality, the BS is assumed to be sur-
rounded by a group of scatters and associated with a large
but finite number of P independent incident directions [34].
Therefore, despite locations of UTs, the uplink signals are
scattered by the scatters around the BS and arrive at the BS
from the P incident directions. H ∈ CP×K is the P × K
small scale fading matrix and extended as
H = [h1, ...,hk, ...,hK ] ∈ CP×K , (5a)
hk = [hk,1, ..., hk,q, ...hk,P ]
T
, (5b)
where hk,q is the small scale fading factor in the link of the
k-th UT and the BS at the q-th independent incident direction,
which is governed by a complex Gaussian distribution with
zero mean and unit variance, i.e., hk,q ∼ CN (0,1). C ∈
CM×M is an M×M mutual coupling matrix which represents
4the mutual coupling effect on the irregular antenna array. More
specifically, [C]i,j 6= 0, i.e., the element at the i-th row and
j-th column of C denotes the mutual coupling coefficient
between the antennas Anti and Antj in the irregular antenna
array. Considering the mutual coupling between antennas,
wireless channels in massive MIMO communication systems
are assumed to be correlated in this paper.
III. IRREGULAR ANTENNA ARRAY WITH MUTUAL
COUPLING
To investigate the impact of the mutual coupling on MIMO
communication systems, some studies have been carried out
for regular antenna arrays [21], [22], [23], [11], [12], [13],
[14]. However, the impact of mutual coupling on massive
MIMO communication systems with irregular antenna arrays
has been rarely investigated. In irregular antenna arrays, the
antenna spacings are no longer uniform and different from
those of regular antenna arrays. Because of the irregular and
non-uniform antenna spacings, the mutual coupling and spatial
correlation of irregular antenna arrays also become different
from those of regular antenna arrays. Considering the impact
of the mutual coupling and spatial correlation of antenna arrays
on massive MIMO systems, the achievable rate of massive
MIMO systems is inevitably affected by the antenna array
irregularity. In this section, the channel correlation model is
firstly derived for irregular antenna arrays considering the
mutual coupling. Furthermore, the ergodic received gain is
defined for evaluating the joint impact of the number of
antennas and array size on irregular antenna arrays.
A. Channel correlation model
Since each UT is equipped with an antenna and UTs are
assumed to be distributed far away from each other, channels
of different UTs are assumed to be uncorrelated. In this
section, the channel correlation is focused on the side of BS
irregular antenna arrays. Based on the channel matrix G in
(2), the channel correlation matrix is expressed by [37]
Ψ =
1
K
D−1EH
(
GGH
)
= CAAHCH , (6)
where D−1 is a normalizing result for the large scale fading,
EH (·) is an expectation operator taken over the small scale
fading matrix H and the superscript H denotes the conjugate
transpose of a matrix. Considering that the distribution of
spatial distances among M antennas follows a binomial point
process for irregular antenna arrays, the probability density
function (PDF) of di is expressed as expression (7)[32]
fdi (d) =
2Γ (M + 1)
(
R2 − d2)M−id2i−1
R2MΓ (i) Γ (M − i+ 1) , (7)
where Γ (x) is a Gamma function. For the antenna Antj , the
PDF of dj is obtained based on (7) as well. Note that di and
dj are distances from the origin to Anti and Antj measured
on the projection plane, respectively. The origin, or the circle
center Θ, the antenna locations of Anti and Antj together
form a triangle. The triangle’s interior angle at its vertex Θ
is denoted as ψij . The distribution of ψij is assumed to be
governed by a uniform distribution in the range of 0 and π.
Based on the law of cosines, the distance between Anti and
Antj is derived as
dij =
√
d2i + d
2
j − 2didj cosψij . (8)
When the type of all antennas is assumed to be the dipole
antenna, the mutual impedance between Anti and Antj is
expressed as (9a) [8] with
Zij =
ε
4π


2
(
γ + ln(ς) +
∫ ς
0
cos x−1
x dx
)
− (γ + ln(µ) + ∫ µ0 cosx−1x dx)− (γ + ln(ρ) + ∫ ρ
0
cosx−1
x dx
)
−j
(
2
∫ ς
0
sin x
x dx−
∫ µ
0
sin x
x dx
− ∫ ρ
0
sin x
x dx
)

 , (9a)
ς =
2πdij
λ
, (9b)
µ =
2π
λ
(√
dij
2 + l2 + l
)
, (9c)
ρ =
2π
λ
(√
dij
2 + l2 − l
)
, (9d)
where ε is an impedance of free space, γ is an Euler-
Mascheroni constant, l is an antenna length. Furthermore, the
mutual impedance matrix ZC of the irregular antenna array is
formed with its element Zij , i 6= j, located at the i-th line and
the j-th column. The M diagonal elements in ZC represent
the self-impedances of the M antennas in the irregular antenna
array. Considering all configuration parameters of antennas in
the irregular antenna array are equal, all diagonal elements in
ZC are denoted as Z0. Based on the mutual impedance matrix
ZC, the mutual coupling matrix C is expressed as [13]
C = (Z0 + ZL) (ZLIM + ZC)
−1
, (10)
where ZL is the load impedance of each antenna. The M×M
mutual coupling matrix C denotes the coupling of the received
signals caused by the antenna array. Based on the results in
[13], the mutual coupling matrix C can be derived from the
load, self and mutual impedances of the antenna nodes as
shown in (10). Considering all configuration parameters of
antennas in the irregular antenna array are same, the load
impedance of each antenna is assumed to be same.
As for a signal from the q-th incident direction, the corre-
sponding array steering vector of the irregular antenna array
is expressed as a (φq, θq), which is the q-th column of the
steering matrix A. Based on the projected plane in Fig. 1, a
polar coordinate system with the origin Θ is assumed. The
antenna with the largest spatial distance dM to the origin
is denoted as AntM . Moreover, AntM is assumed to be
located at the polar axis of the polar coordinate system and
the corresponding polar coordinate is denoted as (dM , 0).
In the polar coordinate system, we assume the origin Θ
as the phase response reference point with a zero phase.
Considering the incident signal with azimuth angle φq and
elevation angle θq , the phase response of the point with
the coordinate (dx, ψx) is exp
(− 2pidxλ α) in which α =
cosψx cosφq sin θq + sinψx sinφq sin θq [8]. Therefore, the
phase response of AntM with the coordinate (dM , 0) is given
5by
aM (φq, θq) = exp
(
−j 2πdM
λ
sin θq cosφq
)
. (11)
For Anti with the spatial distance di in the projected plane
of Fig. 1, the corresponding position in the polar coordinate
system is denoted as (di, ψ). Similarly, given the polar coor-
dinate of Anti, its phase response with the origin Θ as the
phase response reference is derived by expression (12)
ai (φq , θq) = exp
[− 2piλ (di cosψi cosφq sin θq+
di sinψi sinφq sin θq)]
= exp
[
− 2pidi sin θqλ (cosψi cosφq+
sinψi sinφq)]
= exp
[−j 2pidiλ sin θq cos (φq − ψi)] .
. (12)
Based on (11) and (12), all M elements of a (φq, θq) can
be derived. Furthermore, all elements of array steering matrix
A are derived based on (4), (11) and (12).
When derivation results of the mutual coupling matrix C
and array steering matrix A are substituted into (6), the
channel correlation matrix of irregular antenna array is derived.
As for MIMO systems, the strength of the channel correlation
greatly affects the performance of wireless communications
[11], [38]. Moreover, the strength of channel correlation de-
pends on the channel correlation matrix’s off-diagonal ele-
ments in conventional MIMO systems with regular antenna
arrays [37]. For regular antenna arrays, the channel correlation
matrix is a Toeplitz matrix, whose off-diagonal elements get
smaller values when the elements’ positions get farther from
the matrix’s diagonal. In general, the magnitude of one of
the off-diagonal elements which is the closest to the diagonal
of the Toeplitz matrix is selected to represent the strength of
the channel correlation for regular antenna arrays. However,
spatial distances among antennas are not identical for irregular
antenna arrays. In this case, values of the channel correlation
matrix’s off-diagonal elements do not get smaller when their
positions get farther from the matrix’s diagonal. Therefore, it
is impossible to evaluate the strength of channel correlation
with only one element of the channel correlation matrix in
irregular antenna arrays. To find a representation of the channel
correlation strength for irregular antenna arrays, the matrix
correlation coefficient η is defined as the ratio of the sum of
squared off-diagonal elements to the sum of squared diagonal
elements in the channel correlation matrix, which is expressed
by
η =
Tr
[
ΨΨH
]
Tr [Ψ ◦Ψ] − 1, (13)
where Tr is the trace operator for matrixes, ◦ is the Hardmard
product operator for matrixes. Based on the definition in (13),
the value of the matrix correlation coefficient η increases with
the increase of the strength of channel correlation in irregular
antenna arrays.
B. Ergodic Received Gain
When the deployment area is fixed for massive MIMO
antenna arrays, the number of antennas is inversely pro-
portional to the antenna spatial distance in regular antenna
arrays. The received SNR of MIMO antenna arrays rises with
the increasing of the received diversity when the number of
antennas is increased. However, the antenna spatial distance
decreases with the increase of the number of antennas in a
fixed deployment area, which leads to the received SNR to
decrease with the strengthening of the channel correlation [23].
Hence, the number of antennas and antenna spatial distance
are contradictory parameters for the received SNR of massive
MIMO communication systems in a fixed deployment area.
When the deployment area of the irregular antenna array is
fixed, it is also a critical challenge to evaluate the impact of
the number of antennas and antenna spatial distance on the
received SNR of massive MIMO communication systems with
irregular antenna arrays. To easily investigate the impact of the
varying number of antennas and antenna spatial distance to the
received SNR, the ergodic received gain of irregular antenna
arrays is defined as
G (M,R) = E
(
SNRBS − SNRminBS
)
, (14)
where SNRminBS refers to the received SNR when the number
of antennas is configured as its available minimum value Mmin
and the circle radius in Fig. 1 is configured as its available
minimum value Rmin. Mmin and Rmin are configured as
constants in this paper and SNRminBS can be viewed as a
reference point for the received SNR. SNRBS refers to the
received SNR with the number of antennas M and the circle
radius R. Comparing with SNRBS , the ergodic received gain
in (14) can directly reflect the increment of the received SNR
when the number of antennas M and the circle radius R keep
increasing from their minimum values. Moreover, the ergodic
received gain also reflects how the achievable rate changes
with the varying number of antennas and antenna spatial
distances since the achievable rate monotonously increases
with the increase of received SNR in wireless communication
systems.
To simplify performance analysis of the ergodic received
gain in irregular antenna arrays, only one UT is assumed in
this case and the BS has perfect channel state information.
Moreover, the maximum ratio combining (MRC) detector
scheme is adopted in the BS. In this case, the BS received
signal is expressed as
y˜1,MRC =
√
SNRUTβ1h
H
1 A
HCHCAh1x
+ β
1/2
1 h
H
1 A
HCHw1
, (15)
where x is the symbol transmitted by the UT, ω1 is the
AWGN with zero mean over wireless channels. SNRUT is
the transmit SNR at the UT and equals to the transmit power
of the UT. Furthermore, the received SNR at BS is given by
SNR1,BS,MRC =
∣∣√SNRUTβ1hH1 AHCHCAh1x∣∣2∣∣∣β1/21 hH1 AHCHw1∣∣∣2
= SNRUTβ1h
H
1 A
HCHCAh1
.
(16)
For the single UT scenario, the minimum received SNR
with the BS irregular antenna array, which is denoted as
6SNRmin1,BS,MRC , is expressed by
SNRmin1,BS,MRC = SNRUTβ1h
H
1 Aˆ
HCˆHCˆAˆh1, (17)
where Cˆ and Aˆ are the mutual coupling matrix and array
steering matrix with the minimum number of antennas Mmin
and the minimum circle radius Rmin, respectively. Based on
the definition of ergodic received gain in (14), the ergodic
received gain with the single UT is derived by
G (M,R) = E
(
SNR1,BS,MRC − SNRmin1,BS,MRC
)
= SNRUTβ1 [E (ξ1)− E (ξmin)]
, (18a)
with
ξ1 = h
H
1 A
HCHCAh1, (18b)
ξmin = h
H
1 Aˆ
HCˆHCˆAˆh1. (18c)
The conventional antenna arrays have been investigated
based on the regular antenna distance [33], [37], [39], [40],
[41]. However, it is difficulty to derive an analytical expression
for the ergodic received gain when the random distributed
antenna spatial distances are presented at irregular antenna
arrays. As a matter of fact, the channel correlation matrix
Ψ = CAAHCH is modeled based on the random distributed
antenna spatial distances. Comparing with the fast varying
small scale fading matrix H,Ψ can be viewed as a determinis-
tic matrix just like the large scale fading matrix D. Therefore,
to simplify the derivation in (18), the expectation in (18a) is
assumed to be taken over the small scale fading vector, i.e.,
h1. In addition, all eigenvalues τp, 1 6 p 6 M , of channel
correlation matrix Ψ = CAAHCH are assumed to be known.
Therefore, the following proposition is derived.
Proposition 1: For the single UT scenario, the BS has the
perfect channel state information and adopts the MRC detector
scheme, the ergodic received gain at massive MIMO commu-
nication systems with irregular antenna arrays is derived by
expression (19a)
G (M,R) = SNRUTβ1

 det (BM,1)M∏
i<j
(τj − τi)
×
(
τMM −
M−1∑
p=1
M−1∑
q=1
[
B−1M,1
]
q,p
τ
q−1
M τ
M
p
)
−
det
(
BˆMmin,1
)
Mmin∏
i<j
(τj − τi)
(
τˆMminMmin−
Mmin−1∑
p=1
Mmin−1∑
q=1
[
Bˆ−1Mmin,1
]
q,p
τˆ
q−1
Mmin
τˆMminp
)]
, (19a)
with
BM,1 =


1 τ1 · · ·
.
.
.
.
.
.
.
.
.
1 τM−1 . . .
τM−21
.
.
.
τM−2M−1

 , (19b)
BˆMmin,1 =


1 τˆ1 · · ·
.
.
.
.
.
.
.
.
.
1 τˆMmin−1 . . .
τˆMmin−21
.
.
.
τˆMmin−2Mmin−1

 , (19c)
where τˆp, 1 6 p 6 Mmin is the eigenvalue of channel
correlation matrix Ψˆ = CˆAˆAˆHCˆH .
Proof : Based on the BS configuration and the single UT
scenario, the ergodic received gain is expressed in (18a), (18b)
and (18c). When all eigenvalues τp, 1 6 p 6 M , of channel
correlation matrixΨ = CAAHCH are assumed to be known,
the conditional PDF of ξ1 is derived by expression (20) [38]
fξ1 (x|τ1, ..., τM ) = det(BM,1)M∏
i<j
(τj−τi)
(
τM−2M e
−x/τM
−
M−1∑
p=1
M−1∑
q=1
[
B−1M,1
]
q,p
τ
q−1
M τ
M−2
p e
−x/τp
) , (20)
Furthermore, the term of Eh1 (ξ1) is derived by expression
(21), where (a) is obtained because ξ1 = hH1 AHCHCAh1 >
0.
Eh1 (ξ1) =
+∞∫
−∞
xfξ1 (x|τ1, ..., τM )dx
(a)
=
det (BM,1)
M∏
i<j
(τj − τi)

τM−2M
+∞∫
0
xe−x/τM dx
−
M−1∑
p=1
M−1∑
q=1
[
B−1M,1
]
q,p
τ
q−1
M τ
M−2
p
+∞∫
0
xe−x/τM dx


=
det (BM,1)
M∏
i<j
(τj − τi)
(
τMM −
(
M−1∑
p=1
M−1∑
q=1
[
B−1M,1
]
q,p
τ
q−1
M τ
M
p
)
,
(21)
Similarly, the term of Eh1 (ξmin) is derived by expression
(22),
Eh1 (ξmin) =
det
(
BˆMmin,1
)
Mmin∏
i<j
(τj − τi)
(
τˆMminMmin
−
Mmin−1∑
p=1
Mmin−1∑
q=1
[
Bˆ−1Mmin,1
]
q,p
τˆ
q−1
Mmin
τˆMminp
), (22)
Substitute (21) and (22) into (18a), the expression of (19)
is obtained. Meanwhile, it’s worth mentioning that besides
equation (20) from [38], Theorem 1 in [42] also can be used
to obtain the PDF of ξ1 and derive the closed form result of
the ergodic received gain.
C. Numerical analysis
Based on definitions of the matrix correlation coefficient
and ergodic received gain, some performance evaluations can
be numerically analyzed in detail. In the following analysis,
7Fig. 2. Empirical probability distribution of the eigenvalues of the
channel correlation matrix Ψ.
default parameters in Fig. 1 are configured: antennas are
assumed to be dipole antennas [8], the load impedance of
every antenna is ZL = 50 Ohms, the self-impedance of
every antenna is 50 Ohms [21], the carry frequency used
for wireless communications is 2.5 GHz, the corresponding
wavelength is λ = 0.12 meter (m), the number of independent
incident directions in propagation environments is configured
as P = 100 [34].
In the performance analysis of conventional regular antenna
arrays, the channel correlation matrix is a Toeplitz matrix
where the eigenvalues of Toeplitz matrix converge to some
limited distributions [37]. However, the channel correlation
matrix of irregular antenna array is not a Toeplitz matrix. In
this case, the eigenvalues of the channel correlation matrix is
analytically intractable. Therefore, we try to obtain the eigen-
values for irregular antenna arrays empirically by numerical
simulations. When the circle radius R is configured as λ and
3λ, Fig. 2 shows the empirical distribution of the eigenvalues
of the channel correlation matrix Ψ with the number of
antennas M = 2, M = 10 and M = 20, respectively.
Furthermore, we try to select suitable distributions to best
match the simulation results in Fig. 2. The sum of normal
distributions appears to agree well with the simulation results.
To simplify the matching results, each eigenvalue of the
channel correlation matrix is approximated as the expectation
of each normal distribution. For example, for the case with
R = λ and M = 2, the eigenvalues are approximated
as 38.4 and 72.3. When the approximated eigenvalues are
substituted into (19), the ergodic received gain is obtained
for the irregular antenna array. It’s worth mentioning that the
BPP is used to model a specific antenna deployment scenario,
the eigenvalues’ distributions in Fig. 2 are applicable for the
specified scenarios with the BPP antenna distribution.
To illustrate how the irregularity of the antenna array affects
the performance of massive MIMO systems, the irregularity
coefficient ζ is defined here. As introduced in [43], the param-
Fig. 3. Matrix correlation coefficient with respective to the ratio of
the circle radius R and the wavelength λ, the number of antennas M
and the irregularity coefficient ζ.
eter ζ is used to model the degree of irregularity of the points’
distribution on a plane. In this paper, we use ζ to describe the
irregularity of the antenna distribution on the projection plane.
According to the definition in [39], ζ is the magnitude of the
gradient of the sum of the weights, i.e. ζ =
∣∣∣∣∇
(
M∑
i=1
wi
)∣∣∣∣,
in which the weight wi is calculated as wi = e−(di/1.3)
2
,
where di is the distance from the origin to the antenna Anti
and the constant 1.3 is an empirical parameter [43]. ζ is a
nonnegative value. For a regular antenna array with identical
antenna spacing, the value of ζ is 0. For an irregular antenna
array whose antenna distribution follows the BPP distribution,
the value of ζ is approximately 1.5. Moreover, the larger value
of ζ corresponds to the higher level of irregularity in the
antenna array. In Fig. 3, the matrix correlation coefficient with
respective to the ratio of the circle radius and the wavelength,
the number of antennas, and the irregularity coefficient are
illustrated. It can be seen in Fig. 3 that the matrix correlation
coefficient decreases with the increase of the ratio of the circle
radius and the wavelength when the number of antennas and
the irregular coefficient of the antenna array are fixed. When
the ratio of the circle radius and the wavelength is fixed, the
larger number of antennas corresponds to the larger value of
the matrix correlation coefficient. Furthermore, when the ratio
of the circle radius and the wavelength is small, the smaller
value of the irregularity coefficient corresponds to the larger
correlation coefficient of the array. But with the increasing of
the ratio of the circle radius and the wavelength, the curves
with different irregularity coefficients get crossed. When the
ratio of the circle radius and the wavelength is large, the
smaller value of the irregularity coefficient corresponds to the
smaller correlation coefficient of the array. This phenomenon
shows the irregularity of the antenna array helps to decrease
the correlation of antenna arrays when the size of the array, i.e.
the ratio of the circle radius and the wavelength, is less than a
8Fig. 4. Ergodic received gain with respect to the number of antennas
and the circle radius.
given threshold, but increase the correlation when the size of
the array is larger than or equal to a given threshold. When the
array size is less than the cross point, the expectation of the
average antenna spacing in the irregular array is larger than
the average antenna spacing in the regular array. But when
the array size is larger than the cross point, the expectation
of the average antenna spacing in the irregular array is less
than that in the regular array. Because the smaller average
antenna spacing corresponds to the higher antenna correlation,
the curves of regular antenna arrays and irregular antenna
arrays cross each other when the array size increases a given
threshold.
The impact of the number of antennas and the circle
radius on the ergodic received gain of irregular antenna arrays
with ζ = 1.5 has been investigated in Fig. 4. It should be
mentioned that in the rest of this paper, if there isn’t any
specific notifications, the term “irregular antenna” refers to
the irregular antenna array with irregularity coefficient ζ =
1.5. Considering the single UT scenario, default parameters
are configured as follows: the available minimum radius is
Rmin = λ, the available minimum number of antennas is
Mmin = 2, the large scale fading factor is β1 = z/(l1/lresist)v,
where z is the random variable of the log-normal distribution
with standard variance σshadow = 8 dB, the distance between
the UT and the BS is l1 = 100 m, the protect distance between
the UT and the BS is lresist = 10 m, and the path loss coefficient
is v = 3.8. When the number of antennas is fixed, the ergodic
received gain of irregular antenna array increases with the
increase of the circle radius. Numerical results indicate that the
ergodic received gain firstly increases with the increase of the
number of antennas, but then decreases when the number of
antennas at irregular antenna arrays exceeds a given threshold.
These results imply that there exists a maximal value for the
ergodic received gain of irregular antenna arrays. The maximal
ergodic received gain values are 1.2×104, 1.86×104, 2.8×104
and 3.9 × 104, corresponding to the numbers of antennas as
250, 300, 400 and 450, respectively.
IV. MULTI-USER MASSIVE MIMO COMMUNICATION
SYSTEMS
Based on the ergodic received gain of irregular antenna
arrays, the lower bound of the ergodic achievable rate, the
average SER and the average outage probability are presented
for multi-user massive MIMO communication systems with
irregular antenna arrays in this section. It’s notable that in this
section we firstly consider the massive MIMO system with
hundreds of BS antennas and use a finite-dimensional method
to investigate its performance. Then, the case with an infinite
number of BS antennas is considered and asymptotic results
are obtained for massive MIMO system performance metrics.
A. Achievable rate
Assume that the zero-forcing detector is adopted at the BS to
cancel the inter-user interference in the cell in Fig. 1. The BS
detecting matrix is denoted as F = G
(
GHG
)−1 ∈ CM×K .
Therefore, the received signal at the BS is expressed as
y˜ = FHy
=
√
SNRUTF
HGx + FHw
=
√
SNRUTx + F
Hw
. (23)
Considering the BS received signals transmitted from K
active UTs, y˜ = [y˜1, · · · , y˜k, · · · , y˜K ] ∈ CK×1 is a K × 1
vector. The BS received signal transmitted from the k-th UT
is expressed as
y˜k =
√
SNRUTxk + F
H
k w. (24)
Furthermore, the BS received SNR over the link of the k-th
UT is expressed by
SNRk,BS,ZF =
SNRUT∥∥FHk ∥∥2 =
SNRUT[
(GHG)
−1
]
kk
. (25)
As a consequence, the achievable rate for the k-th UT is
derived by expression (26)
Rk,ZF = E [log2 (1 + SNRk,BS,ZF )]
= E

log2

1 + SNRUT[(GHG)−1]
kk



, (26)
Based on the channel matrix in (2), the closed-form solution
of the lower bound of the ergodic achievable rate for the k-th
UT is obtained in Proposition 2.
Proposition 2: For a single-cell multi-user massive MIMO
communication system with BS irregular antenna arrays and
the zero-forcing detector scheme, the closed-form expression
of the lower bound of the uplink ergodic achievable rate for
the k-th UT is given by expression (27a)
9⌣
Rk,ZF =
log2

1 + SNRUTβk
/
Υ K∑
i=1
K∑
j=2
Γ (j − 1) ×
D (i, j)
(
τ
n+j−2
n+i −
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n+j−2
p
)
+Υ
K∑
i=1
D (i, j)
(
τn−1n+i (ln (τn+i)− γ)−
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n−1
p (ln (τp)− γ)
)]}
,
(27a)
with
Υ =
det (BM,K)
K
M∏
q<p
(τp − τq)
K−1∏
p=1
p!
, (27b)
BM,K =


1 τ1 · · ·
.
.
.
.
.
.
.
.
.
1 τM−K . . .
τM−K−11
.
.
.
τM−K−1M−K


=


1 τ1 · · ·
.
.
.
.
.
.
.
.
.
1 τn . . .
τn−11
.
.
.
τn−1n


, (27c)
where n = M − K , γ is the Euler-Mascheroni constant,
D (i, j) is the cofactor of the element [Ω]i,j in the K × K
matrix Ω, and the element [Ω]i,j is expressed by expression
(27d)
[Ω]i,j = (j − 1)!
(
τ
n+j−1
n+i −
n∑
p=1
n∑
q=1
[
B−1M,K
]
p,q
τ
p−1
n+i τ
n+j−1
q
)
. (27d)
Proof : Substituting (2) into (26) and assuming that eigenval-
ues of the channel correlation matrix are known, the achievable
rate for the k-th UT is derived by expression (28).
Rk,ZF = EH

log2

1 + SNRUT[(GHG)−1]
kk




> log2

1 + SNRUT
EH
[
(GHG)
−1
]
kk


= log2

1 + SNRUTKβk
EH
{
trace
[
(HHAHCHCAH)
−1
]}


= log2
{
1 + SNRUTKβk
/
E
(
K∑
i=1
ξ−1i
)}
, (28)
where ξi, 1 6 i 6 K , is the i-th ordered eigenvalue
of matrix HHAHCHCAH. Let fξ (x|τ1, ..., τM ) denote
the conditional marginal PDF of the unordered eigenvalues
of matrix HHAHCHCAH, and based on results in [38],
fξ (x|τ1, ..., τM ) is expressed by expression (29)
fξ (x|τ1, ..., τM ) = Υ
K∑
i=1
K∑
j=1
xj−1D (i, j)×


τn−1n+i e
−x/τn+i−
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n−1
p e
−x/τp


. (29)
Therefore, the term E
(
K∑
i=1
ξ−1i
)
in (28) is derived by
expression (30)
E
(
K∑
i=1
ξ−1i
)
= K
+∞∫
−∞
1
x
fξ (x|τ1, ..., τM ) dx
= ΥK


K∑
i=1
K∑
j=2
Γ (j − 1)D (i, j)×
[
τ
n+j−2
n+i −
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n+j−2
p
]
+
K∑
i=1
D (i, j)
[
τn−1n+i (ln (τn+i)− γ)−
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n−1
p (ln (τp)− γ)
]}
. (30)
Substituting (30) into (28), (28) is derived as
Rk,ZF >
log2

1 + SNRUTβk
/Υ K∑
i=1
K∑
j=2
Γ (j − 1) ×
D (i, j)
(
τ
n+j−2
n+i −
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n+j−2
p
)
+Υ
K∑
i=1
D (i, j)
(
τn−1n+i (ln (τn+i)− γ)−
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n−1
p (ln (τp)− γ)
)]}
, (31)
and the lower bound of the ergodic achievable rate of the kth
UT is just at the right side of the sign of inequality.
Hence, Proposition 2 gets proved. When all UTs are con-
sidered in the cell, the lower bound of the uplink ergodic
achievable sum rate is derived by
⌣
RBS =
K∑
k=1
⌣
Rk,ZF . From
Proposition 2, it can be intuitively found that the transmit
SNR at the UT, the large scale fading coefficient and the
number of UTs directly affect the lower bound of the ergodic
achievable rate for the kth UT. With the higher transmit SNR
at the UT or the higher path loss, the lower bound of the
10
SERZF =
1
K
K∑
k=1
ωkΥ
2
√
π
K∑
i=1
K∑
j=1
D (i, j)
[
τ
n−j−1
n+i G
2,1
2,2
(
̟kSNRUTβkτn+i
∣∣∣∣∣ 1− j, 10, 1/2
)
−
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i τ
n−j−1
p G
2,1
2,2
(
̟kSNRUTβkτn+i
∣∣∣∣∣ 1− j, 10, 1/2
)]. (33)
ergodic achievable rate is logarithmically increased or de-
creased, respectively. Moreover, the increasing of the number
of UTs deteriorates the lower bound of the ergodic achievable
rate. Because the eigenvalues of the matrix HHAHCHCAH
are involved within (27) in a complicated form, it’s hard to
intuitively estimate the impact from the small scale fading
coefficient, the mutual coupling effects and the array steering
matrix. In the following numerical results will be provided to
illustrate the variation trend of the lower bound of the ergodic
achievable rate with the changing of these parameters.
B. Symbol error rate
Considering the zero-forcing detector adopted at the BS,
the average received SER of multi-user massive MIMO com-
munication systems with irregular antenna arrays is expressed
[44]
SERZF =
1
K
K∑
k=1
E
[
ωkQ
(√
2̟kSNRk,BS,ZF
)]
, (32)
where Q (·) is the Gaussian Q function while ωk and ̟k are
modulation-specific constants. For the quadrature phase shift
keying (QPSK) modulation, modulation-specific constants are
configured as ωk = 2 and ̟k = 0.5. Assuming that all
eigenvalues of channel correlation matrix Ψ = CAAHCH
are known, Proposition 3 is obtained.
Proposition 3: For a single-cell multi-user massive MIMO
communication system with BS irregular antenna arrays and
the zero-forcing detector scheme, the average received SER of
multi-user massive MIMO communication systems is given by
as expression (33), which locates at the beginning of this page.
Proof : Substitute (25) into (32), the average received SER
of multi-user massive MIMO communication systems with
irregular antenna arrays is derived by expression (34)
SERZF =
1
K
K∑
k=1
ωk
2
×
EH

erfc


√√√√ ̟kSNRUT[
(GHG)
−1
]
kk




=
1
K
K∑
k=1
ωk
2
EH
[
erfc
(√
̟kSNRUTβkξ
)]
, (34)
where erfc (·) is the complementary error function which
can be expressed by Meijer’s G-function as erfc (√x) =
1
piG
2,0
1,2
(
x
∣∣∣∣ 10, 1/2
)
[45, Eq. (8.4.14.2)]. Furthermore, the
average received SER of multi-user massive MIMO commu-
nication systems with irregular antenna arrays is rewritten by
expression (35)
SERZF =
1
K
K∑
k=1
[
ωk
2
∫ ∞
0
(
1
π
×
G
2,0
1,2
(
̟kSNRUTβkx
∣∣∣∣∣ 10, 1/2
)
×
fξ (x|τ1, ..., τM ) dx)]
. (35)
Substitute (29) into (35), the average received SER of multi-
user massive MIMO communication systems with irregular
antenna arrays in (33) is completed by replacing the inte-
gral expression in [46, Eq. (7.831)]. From (33) it can be
intuitively found that the average received SER decreases
with the increasing of the number of UTs even after equal-
ization. But similar to (27), the eigenvalues of the matrix
HHAHCHCAH are still complexly involved within the ex-
pression of the average received SER. Therefore, the impact of
the small scale fading, mutual coupling and spatial correlation
on the average received SER is difficult to be intuitively
estimated. In the following it will be shown that the impact
of the small scale fading will be neglected after assuming the
number of antennas growing without bound. Numerical results
will illustrate how the mutual coupling and spatial correlation
influence the average received SER.
C. Outage probability
The outage probability is one of the most important met-
rics for wireless communication systems. Assuming the SNR
threshold is given by SNRth, the average outage probability
of multi-user massive MIMO communication systems with
irregular antenna arrays is defined as [47]
Pout =
1
K
K∑
k=1
Pr (SNRk,BS,ZF 6 SNRth). (36)
Based on the scenario illustrated in Fig. 1, Proposition 4 is
obtained as following.
Proposition 4: For a single-cell multi-user massive MIMO
communication system with BS irregular antenna arrays and
the zero-forcing detector scheme, the average outage probabil-
ity of multi-user massive MIMO communication systems with
is given by expression (37)
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Pout =
1
K
K∑
k=1
Υ
K∑
i=1
K∑
j=1
D (i, j)×


ϑ (τn+i, j, k)
−
n∑
p=1
n∑
q=1
[
B−1M,K
]
q,p
τ
q−1
n+i ϑ (τp, j)


, (37a)
with
ϑ (x, y, k) = (y − 1)!xn+y−1−
exp
(
− SNRth
SNRUTβkx
)
×
y−1∑
s=0
(y − 1)!
s!
(
SNRth
SNRUTβk
)s
xn+y−s−3
, (37b)
Proof : Substitute (25) into (36), the average outage prob-
ability of multi-user massive MIMO communication systems
is derived by
Pout =
1
K
K∑
k=1
Pr

 SNRUT[
(GHG)
−1
]
kk
6 SNRth


=
1
K
K∑
k=1
Pr (SNRUTβkξ 6 SNRth)
=
1
K
K∑
k=1
Pr
(
ξ 6
SNRth
SNRUTβk
)
. (38)
Assuming that all eigenvalues of channel correlation matrix
Ψ = CAAHCH are known, (38) is rewritten by
Pout =
1
K
K∑
k=1
∫ SNRth
SNRUTβk
0
fξ (x|τ1, ..., τM ) dx. (39)
Substitute (29) into (38), the average outage probability of
multi-user massive MIMO communication systems in (36)
is completed by replacing the integral expression in [46,
Eq. (3.351.8)]. For the estimation of the system outage per-
formance, the setting of the SNR threshold is very critical
in practical systems. Equation (37) implies that the average
outage probability monotonously increases with the increas of
the SNR threshold. When the number of UTs is increased, the
average outage probability also increases. Numerical results
will be provided in the next section to show how the number of
BS antennas and antenna array size affect the average outage
probability.
D. Asymptotic analysis
To further investigate asymptotic results on multi-user mas-
sive MIMO communication systems with irregular antenna
arrays, we then assume the scenario where the number of
antennas M grows without bound, i.e. M → ∞. In such a
scenario, the following expressions will hold [48]
pHRp− 1
M
trace (R) −−−−→
M→∞
0, (40a)
pHRq −−−−→
M→∞
0, (40b)
where matrix R ∈ CM×M has uniformly bounded spectral
norm with respect to M . And p,q ∈ CM×1 are two indepen-
dent vectors with distributions p,q ∼ CN (0, 1M IM ). q and p
are also independent from R. With the above expressions, we
have the following proposition for the received SNR at the BS
when the zero-forcing detector is adopted.
Proposition 5: For a single cell multi-user massive MIMO
communication system with BS irregular antenna arrays and
the zero-forcing detector, when the number of antennas at the
BS approaches infinity, i.e., M →∞, the received SNR over
the link of the kth UT is expressed as
SNRk,BS,ZF −−−−→
M→∞
SNRUTβktrace
(
AHCHCA
)
. (41)
Proof : The BS received SNR over the link of the kth UT
is expressed by (25). Multiply the numerator and denominator
by M , we get
SNRk,BS,ZF =
M × SNRUT[(
1
MG
HG
)−1]
kk
. (42)
For the channel matrix multiplication term 1MG
HG, we
have expression (43)
1
M
GHG =
1
M
DHHHAHCHCAHD
=
1
M


β
1/2
1 h
H
1
.
.
.
β
1/2
1 h
H
k
.
.
.
β
1/2
1 h
H
K


AHCHCA


β
1/2
1 h1
.
.
.
β
1/2
1 hk
.
.
.
β
1/2
1 hK


T
. (43)
It can be seen that the entry at the ith row and jth column
of 1MG
HG is expressed by
√
βiβj
M h
H
i A
HCHCAhj . If i 6=
j, applying (40), we have
√
βiβj
M h
H
i A
HCHCAhj −−−−→
M→∞
0. If i = j, we have βiM h
H
i A
HCHCAhi −−−−→
M→∞
βi
M trace
(
AHCHCA
)
. In other words, when the number
of antennas at the BS approaches infinity, 1MG
HG con-
verges to a diagonal matrix whose ith diagonal entry is
βi
M trace
(
AHCHCA
)
. Therefore, the received SNR over the
link of the kth UT is derived by expression (44)
SNRk,BS,ZF =
M × SNRUT[(
1
MG
HG
)−1]
kk
−−−−→
M→∞
M × SNRUT
M
βitrace(AHCHCA)
= SNRUTβktrace
(
AHCHCA
)
. (44)
So Proposition 5 is proved.
Proposition 5 illustrates that when the number of antennas
at the BS approaches infinity, the received SNR only depends
on the UT transmit power, large scale fading and channel
correlation, despite of the small scale fading and noise. This
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SERZF −−−−→
M→∞
=
1
K
K∑
k=1
ωk
2
erfc
(√
̟kSNRUTβktrace (AHCHCA)
)
=
1
2πK
K∑
k=1
ωkG
2,0
1,2
(
̟kSNRUTβktrace
(
AHCHCA
) ∣∣∣∣ 10, 1/2
) . (46)
SNRk,BS,MRC =
SNRUT
∣∣βkhHk AHCHCAhk∣∣2
SNRUT
K∑
i=1,i6=k
∣∣∣β1/2k hHk AHCHCAhiβ1/2i ∣∣∣2 + βkhHk AHCHCAhk
. (47)
result is very concise and coincides with the precious studies
on massive MIMO [15], [16].
With the derived asymptotic results of the received SNR,
the asymptotic result for the achievable sum rate, which is
previously investigated in Proposition 2, is given by expres-
sion (45)
RBS =
K∑
k=1
Rk,ZF −−−−→
M→∞
K∑
k=1
log2 [1+
SNRUTβktrace
(
AHCHCA
)] . (45)
For the average SER investigated in Proposition 3, i.e.,
substituting (41) into (32), its asymptotic result when the
number of BS antennas grows without a bound is given by
expression (46).
It is worth nothing that if the MRC detector is employed at
the BS, the received SNR over the link of the kth UT can be
expressed as expression (47).
When the number of antennas grows without a bound,
similar to the proof of Proposition 5, the numerator of (47)
converges to SNRUT
∣∣βktrace (AHCHCA)∣∣2 and the de-
nominator of (47) converges to βktrace
(
AHCHCA
)
. There-
fore, the received SNR over the link of the kth UT goes to
SNRUTβktrace
(
AHCHCA
)
when the number of antennas
approaches infinity. It can be found that the MRC detector
and ZF detector have identical asymptotical results when the
number of antennas approaches infinity. With the asymptotic
result of the received SNR when the MRC detector is em-
ployed, the asymptotic result for the ergodic received gain,
which is investigated in Proposition 1, is obtained as
(M,R) = SNRUTβktrace
(
AHCHCA
)
−SNRUTβktrace
(
AˆHCˆHCˆAˆ
)
. (48)
V. SIMULATION RESULTS AND DISCUSSIONS
Based on the proposed models of massive MIMO com-
munication systems, the effect of mutual coupling on the
massive MIMO communication systems with irregular and
regular antenna arrays is analyzed by numerical simulations.
In the following, some default parameters and assumptions are
specified. The type of all antennas at the BS is assumed to be
the same, and the load impedance and self-impedance of each
antenna are assumed to be 50 Ohms [23]. The number of UTs
in a cell is K = 10 and the large scale fading factor βk is
modeled as βk = z/(lk/lresist)v , which is similar to β1 except
with lk being a uniformly distributed random variable ranging
from 10 m to 150 m [34], [35]. The transmitting SNR at each
UT is assumed to be 15 dB [21]. Since the BS is assumed to
be associated with a large but finite number of independent
incident directions, the number of incident directions P are
assumed to be 100 [23], [36].
Fig. 5 illustrates the uplink ergodic achievable sum rate with
respect to the number of antennas M , the circle radius R
and the irregularity coefficient ζ of antenna arrays. The lines
correspond to the lower bound of the uplink ergodic achievable
sum rate
⌣
RBS . The square points correspond to the asymptotic
results of the achievable sum rate obtained in (45). When the
circle radius is fixed, numerical results demonstrate that there
exists a maximum of the uplink ergodic achievable sum rate
with the increasing number of antennas. The uplink ergodic
achievable sum rate increases with the increase of the number
of antennas before achieving the maximum. After the number
of antennas exceeds a given threshold, the uplink ergodic
achievable sum rate becomes to decrease. When the number
of antennas is fixed, the uplink ergodic achievable sum rate
increases with the increase of the circle radius. Furthermore, it
can be seen that the smaller value of the irregularity coefficient
corresponds to the larger value of the achievable sum rate when
the number of antennas is less than a given threshold. But
when the number of antennas increases, curves with different
irregularity coefficients get crossed. When the number of
antennas is larger than a given threshold, the smaller value
of the irregularity coefficient corresponds to the smaller value
of the achievable sum rate. These results indicate that the
irregular antenna array has contributed to improve the uplink
ergodic achievable sum rate when the number of antennas
is larger than or equal to a given threshold. In addition, the
asymptotic results well match the lower bound of the uplink
ergodic achievable sum rate in Fig. 5, especially when the
number of antennas is large.
Impact of the UT SNR and the number of BS antennas on
the lower bound of the uplink ergodic achievable sum rate of
multi-user massive MIMO communication systems with and
without mutual coupling is investigated in Fig. 6. When the
number of antennas at the BS is fixed, the lower bound of the
uplink ergodic achievable sum rate increases with the increase
of the UT SNR. When the UT SNR is fixed, the lower bound
of the uplink ergodic achievable sum rate increases with the
increase of the number of BS antennas. Moreover, the results
of 10000 times Monte-Carlo simulation on the uplink ergodic
achievable sum rate are illustrated. Both numerical and Monte-
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Fig. 5. The achievable sum rate with respect to the number of
antennas, the circle radius and the irregularity coefficient.
Fig. 6. Impact of the UT SNR and the number of BS antennas on
the achievable sum rate of multi-user massive MIMO communication
systems with and without mutual coupling.
Carlo simulation results demonstrate that the uplink ergodic
achievable sum rate with mutual coupling is less than the
uplink ergodic achievable sum rate without mutual coupling
for multi-user massive MIMO communication systems with
irregular antenna arrays.
Without loss of generality, the QPSK modulation scheme is
adopted for numerical simulations in Fig. 7. The modulation
constants are configured as ωk = 2 and ̟k = 0.5. Impact of
the UT SNR, the number of BS antennas M and the circle
radius R on the average SER of multi-user massive MIMO
communication systems with irregular antenna arrays is eval-
uated in Fig. 7. The solid and dashed lines corresponds to the
SER with limited number of antennas under different circle
radii. And the square points correspond to the asymptotic
Fig. 7. The average SER with respect to the UT SNR, the
number of BS antennas and the circle radius of the massive MIMO
communication system with irregular antenna arrays. Both cases with
limited and infinite number of antennas are illustrated.
Fig. 8. The average outage probability with respect to the UT SNR,
the number of BS antennas and the circle radius of the massive MIMO
communication system with irregular antenna arrays.
results obtained in (46). When the number of BS antennas and
the circle radius are fixed, the average SER decreases with the
increase of the UT SNR. When the UT SNR and the circle
radius are fixed, the average SER decreases with the increase
of the number of BS antennas. When the UT SNR and the
number of BS antennas are fixed, the average SER decreases
with the increase of the circle radius.
The average outage probability with respect to the UT SNR,
the number of BS antennas and the circle radius is analyzed
in Fig. 8. Without loss of generality, the SNR threshold is
configured as SNRth = −3 dB. When the number of BS
antennas and the circle radius are fixed, the average outage
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probability of massive MIMO communication systems with
irregular antenna arrays decreases with the increase of the UT
SNR. When the UT SNR and the circle radius are fixed, the
average outage probability of massive MIMO communication
systems with irregular antenna arrays decreases with the
increase of the number of BS antennas. When the UT SNR
and the number of BS antennas are fixed, the average outage
probability of massive MIMO communication systems with
irregular antenna arrays decreases with the increase of the
circle radius.
VI. CONCLUSION
In this paper, multi-user massive MIMO communication
systems with irregular antenna arrays and mutual coupling
effects have been investigated. In real antenna deployment
scenarios, antenna spatial distances of massive MIMO antenna
arrays are usually irregular. Considering engineering require-
ments from real scenarios, the effect of the mutual coupling on
the irregular antenna array is firstly analyzed by the channel
correlation model and ergodic received gain. Furthermore,
the lower bound of the ergodic achievable rate, the average
SER and the average outage probability of multi-user massive
MIMO communication systems with irregular antenna arrays
are proposed. Numerical results indicate that there exists a
maximum for the achievable rate considering different num-
bers of antennas for massive MIMO communication systems.
Compared with the regular antenna array, the irregular antenna
array has contributed to improve the achievable rate when
the number of antennas is larger than or equal to a specific
threshold. Our results provide some guidelines for the massive
MIMO antenna deployment in real scenarios. For the future
study, we will try to investigate multi-cell multi-user massive
MIMO communication systems with irregular antenna arrays.
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